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ABSTRACT. Given a non-CM elliptic curve E over Q, let N, be the number of points on E (mod p).
Given t € N, we are concerned with the density of primes for which N, /t is a prime. The constant
appearing in this density was first postulated by Koblitz for ¢ = 1 and the conjecture was later
refined by Zywina. Assuming certain conjectures, this paper gives the first explicit computation of
this constant in the literature, and confirms existing heuristic predictions for the same.

More precisely, we postulate sufficient cancellation in the sum of the Mobius function running
over the sequence N, /t, and show that this is equivalent to the refined Koblitz conjecture, under the
assumption of suitable elliptic analogues of the classical Elliott-Halberstam conjecture.

1. NOTATION

Throughout this article, p will be used to denote a rational prime. We will use the standard
notation for the logarithmic integral
[ dt
Li(z) :=

) logt’
2

The von Mangoldt function A(n), is defined by

logp, ifn=p",r>0
0, otherwise.

We let rad(n) denote the product of distinct prime factors of n. For a non-negative function g(z),
the notation f(x) = O(g(x)), or equivalently, f(z) < g(x) means that there is a constant C' such
that | f(z)| < Cg(x) as  — oo. The notation f(z) = o(g(z)) is used to denote that % — 0 as

x — oo. The notation f(z) ~ g(x) means that % — 1 as xz — oco. We will use 7;(n) to denote the

number of ways of writing n as a product of k positive integers. The number of divisors of n will
be denoted by 7(n).

2. INTRODUCTION

Let E be an elliptic curve without complex multiplication, defined over Q with conductor Ng.
Let F), be the finite field of order p. Suppose E has good reduction at p, thatis p t Ng. Let E, be
the elliptic curve E reduced modulo p and E,(F,) be the set of F,-rational points on the curve E,
defined over F,,. This is a finite group of cardinality

#E,(Fp) =p+1— ay,

where a,, is an integer satisfying the Hasse bound

|ap| < 2v/p.
Henceforth, we denote the cardinality #E,(F,) by IV,,.
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In 1988, motivated by applications in cryptography, Koblitz [12] studied the distribution of N,
for certain elliptic curves over the rationals. By drawing analogies with the celebrated twin-prime
conjecture in classical number theory, he proposed the following conjecture for non-CM elliptic
curves.

Conjecture 1. [Koblitz [12]] 1988] Let E/Q be a non-CM elliptic curve with conductor Ng. Assume that
E is not Q-isogenous to a curve with non-trivial Q torsion. Then there exists a positive constant C(E)

such that
A

(logz)?’

#{p <x: p{Ng,Nyisprime} ~ C(E)
as x — oo.

Moreover, Koblitz conjectured a value for the constant C'(E). The constant he suggested is given
by
C(E) =] a),
¢

where the product runs over primes ¢,

_ #{g € G, : g has eigenvalue 1 }

1
0 — &l , 1)
1=
Y4

and G, denotes the Galois group of the ¢-division points of E over Q, identified upto isomorphism
with a subgroup of GL2(Z/¢Z). It is instructive to interpret the numerator of as the probability
that IV, is not divisible by the given prime ¢, and the denominator as the probability of a random
integer not being divisible by ¢. Let us also remark that for a Serre curve, where G/ is always
isomorphic to GLy(Z/¢Z), the above constant can be written explicitly as

@ - 1 (- tign) (1)

£ prime

One of the first results in the direction of Koblitz’s conjecture was by Miri and Murty [15].
Assuming the Generalised Riemann hypothesis, they showed that the number of primes p < z
such that N, is a product of at most 16 prime factors (counting multiplicity) is > z/(log z)?, as
x — oo. This was followed by work of Steuding and Weng [28)], 27], who obtained such results
under GRH with N, being a product of atmost 6 distinct prime factors. David and Wu [8] were
able to show this with IV, being a product of atmost 8 prime factors, under the weaker assumption
of a suitable zero-free region instead of GRH. For CM curves, Cojocaru [5] showed unconditionally
that the number of primes p < x such that N, has at most 5 prime factors is > C(E)z/(log x)?, for
some positive constant C'(E).

The Koblitz conjecture is known to hold on average over certain families of elliptic curves due to
the work of Balog, Cojocaru and David [2] and subsequent results of Giberson [9] in the number
field setting. Related questions about the size and arithmetic behaviour of N, as p varies over
primes of good reduction have been investigated by Iwaniec and Jiménez Urroz [11], and Akbary,
Ghioca and Murty [1]]. We refer the interested reader to the excellent articles [4] and [6] by Cojocaru
for an introduction to related problems on elliptic curves.

Based on some known examples with respect to the Lang-Trotter conjecture, it is known that
there are curves for which C(E) = 0. This occurs because the probabilities of the events ¢ { N,
may not be multiplicative, since the events may not be independent. This crucial observation was
tirst made by Jones [3] and Zywina [30]. In particular, Zywina points out that in some cases, there
may be an obstruction to the primality of V), in the form of an integer ¢tz > 1 which divides almost
all of the values of V,. In order to take this into account and still continue to count prime values of
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N, up to such obstructions, Zywina formulated a refined version of the Koblitz conjecture. While
Zywina’s conjecture is more general and applies to an elliptic curve over a number field K, we
state the same below in the case K = Q.

Conjecture 2 (Zywina [30], 2009). Let E/Q be an elliptic curve with conductor Ng. Let t be a positive
integer. Then there exists an explicit constant Cg > 0 such that

N, . T
# {p <z: pfNg, Tp is przme} ~ C’Etw,
as x — 0.
We may express the above asymptotic as
N,
dYooA (;’) ~ CpgLi(z). 2.2)
pSCE,p“'NE
Np=0 (mod t)

In this paper, we are motivated by Koblitz’s initial analogy of his conjecture with the twin prime
problem. The twin prime conjecture is intimately connected to a phenomenon known as the par-
ity problem. This principle was heuristically formulated by Selberg [22] to capture the inability
of sieve methods to detect prime numbers. In recent work, Murty and Vatwani [19] reformulated
the parity problem in terms of cancellations in certain summatory functions involving the Mobius
function. More precisely, they formulated an analogue of the Chowla conjecture asserting equidis-
tribution of the Mdbius function over shifted primes, and established a concrete link between this
and the twin prime conjecture (cf. Theorem 1.1, [19]).

In the context of Koblitz’s conjecture, it is natural to examine a variant of the Chowla conjecture
which would capture equidistribution of the Mobius function over values of IV, as p runs over the
primes. More precisely, we conjecture that

Y (W) = o(Li(x))

p<z,pINg

as £ — oo. In line with the refined Koblitz conjecture formulated by Zywina, one would be led to
expect the following.

Conjecture 3. We have, as © — oo,

N,
oo <t1’) = o(Li(z)). (2.3)
p<z,ptNg
Np=0 (mod ¢)

In what follows, we will establish that Conjecture |3|is indeed closely connected to the Koblitz
conjecture, in fact is equivalent to it under some assumptions. Before stating our main theorem,
we proceed to introduce some conjectures which will arise naturally while trying to estimate the
density of primes p for which N, /t is prime.

A fundamental ingredient involved in the study of the twin prime problem is the distribution of
primes in arithmetic progressions. More generally, one may formulate an equidistribution result
for primes in arithmetic progressions, with “level of distribution” 0 < § < 1 as follows.

Elliott-Halberstam Conjecture EH(z?). Let 7(x,q,a) = #{p < z : p = a (mod q)}. Forany A > 0,
we have

<A (2.4)

Liy
o a.0) - ¢(q)

T
(log )4
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For 6 < 1/2, this conjecture is true and is called the Bombieri-Vinogradov theorem. As we will
see, in the context of Koblitz’s conjecture, the arithmetic progression p = a (mod q) is replaced by
N, = 0 (mod ¢), calling for equidistribution of primes lying in certain Chebotarev sets instead of
arithmetic progressions. It is thus expected that what will come into play is an “average” result
related to the Chebotarev density theorem. We will precisely formulate such an elliptic analogue
of the Elliott-Halberstam Conjecture, referred to as EH E’t(acg), in Section@

Conjecture EH ;(2?) does not suffice to break the parity barrier, as in the classical twin-prime
case. We also require equidistribution of the Mobius function on the values of IV, in arithmetic
progressions. We thus postulate the following conjecture which can be thought of as an elliptic
analogue of the Elliott-Halberstam conjecture with a Mébius shift.

Conjecture EHp ,(2Y). (Elliptic analogue of the Elliott-Halberstam Conjecture with a Mobius
shift) Let t be a fixed positive integer and L = L(E) be the integer appearing in Theorem 3.3 Then for any
A > 0, we have

max [A yd, )| < 25
dge yse [Aeulyd.1)] <4 (logz)" ()
where,
N 1 N
A 18 Np)y L -'p 2.
E’u(y, , ) Z N( n ) w(td1)5(d2) Z ,u< t >7 (2.6)
<y Py
Np=0 (mod dt) PtNE
MdtNE

and d = dydy is the unique factorization of d such that rad(d,)|tL, and (da,tL) = 1. The functions w and
& will be precisely defined in Section 3| (see (3.4)).

In our approach, a significant distinction between the Koblitz conjecture and the twin prime
conjecture arises from the fact that the former necessitates bounding the number of primes p such
that V, = p 4+ 1 — a, takes a given value n. In the twin prime case, as one is dealing with a fixed
shift p + 2, this aspect does not arise. Accordingly, letting n be a fixed positive integer, consider
the arithmetic function

Mpg(n) :==#{p: N, = n}.
By the Hasse bound, a trivial bound for Mg(n) is

N4
Mp(n) < log(n +1)
In [13], Kowalski posed a question about the asymptotic growth of Mg(n) as n — co. He conjec-
tured the bound

Mg(n) <pen',
for any € > 0, and was able to show this when E has complex multiplication. More precisely, he

showed the following when E has CM by an order O in the ring of integers O of an imaginary
quadratic field K.

Proposition 2.1. [13, Proposition 5.3] Let rx(n) = #{a C O : N(a) = n}, where N(a) := |Og/q]
denotes the norm of a nonzero ideal a of O . We have

Mpg(n) <g rr(n).

While it is expected based on heuristic evidence that Mg (n) should be even smaller, no result

better than the trivial bound is known for non-CM curves. In [7], David and Smith predicted via

a probabilistic model that the order of magnitude of Mpg(n) is likely to be close to @ and were
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able to show this on average over a family of elliptic curves. The average order of Mg(n) is known
to be 1/logn. In particular, it is known (see [13]) that

Y Mgp(n) = n(x) + O(Vr)

n<x

T

~ . (2.7)
log

We postulate an estimate of the following form.

Conjecture 4. For d < x, we have

z(log z)¢
3" Min) < 2B
n<x
dln

forsome C = C(E) > 0.

We are now in a position to state our main result, establishing a conditional equivalence be-
tween and (2.3). More significantly, assuming the aforementioned conjectures, we are able to
compute the explicit form of the refined Koblitz constant C; of Conjecture 2| This is the first re-
sult where the conjectured constant is conditionally determined. This validates existing heuristic
predictions for the constant, which were hitherto supported by numerical evidence and average
results over a family of elliptic curves. As we will show in Section 4} the expression derived by us
for the constant agrees with that described by Zywina in [30, Proposition 2.4].

Theorem 2.2. Let E be a fixed non-CM elliptic curve over Q with conductor Ng. Let L = L(E) be the
fixed positive integer given by Serre’s result (Theorem and let t be a fixed positive integer. Let N, be
the number of points on the curve E,, where the curve E,, := E modulo p. Suppose that the conjectures
EHpg (2% (log 2)B), EHp (21 79) are true for some fixed 1/2 < 0 < 1 and a suitably large fixed B > 0.
Suppose that Conjecture @ holds. We then obtain the following:
(a) ConjectureBlis equivalent to the refined Koblitz conjecture. That is, the assertion is equivalent
to the assertion [2.2), with the refined Koblitz constant given by

p(r)
(5 0)
reL w(tr) < p?—p—1 >
Opi= LT (- A2 ) 8)
IT(1-1 (P =17 +1)
pltL< p> it
where w is a function defined precisely in Section Bl (cf. (3.4)).
(b) We have
Z A (ZZP) >(1-0(1))Cgp+(1 —Agr)Liz,
p§$,MNE
Np=0 (mod t)
where
e (¢t —2)
AL = (1 (=12 +1)) 29)

and ¢ is the least prime coprime to L(E).

In what follows, we may at times drop the condition N,, = 0 (mod t) that appears in expressions
of the form and (2.2), taking it to be implied by the support of the arithmetical functions
A and p. The paper is organized as follows. In Section 3, we set things up in order to invoke
the Chebotarev density theorem in our analysis. In Section [, we compare our expression for
the refined Koblitz constant with the expression conjectured by Zywina in [30]. In Section [6| we
formulate the elliptic analogue of the Elliott-Halberstam conjecture. The proof of Theorem [2.2]is
contained in Sections[8land [0l
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3. THE GALOIS REPRESENTATION AND THE CHEBOTAREV DENSITY THEOREM

Continuing with our previous notation, let £ be an elliptic curve defined over Q with conductor

Ng. For d > 2, let E[d] denote the subgroup of d-torsion points inside E(Q). Let K4 := Q(E[d]) be
the finite Galois extension of Q obtained by adjoining the coordinates of the d-torsion points of E.
Consider the natural group action of Gal(Q/Q) on E[d] given by

p: Gal(Q/Q) — Aut(EId)).

Let us assume (d, Ng) = 1 in which case we have E[d] ~ (Z/dZ)* and hence Aut(E[d]) ~
GL2(Z/dZ). Therefore the Galois representation p factors as follows:

p: Gal(Q/Q) — Gal(K4/Q) £ GLy(Z/dZ).

For brevity, let us use the notation G := Gal(K;/Q), G(d) := pq(G). Let p be a non-zero prime
of Q such that £ has good reduction at p, thatis p t Ng. If p { d, then p is unramified in K, (cf.
Theorem 7.1, Chapter VII, [26]). Recall that to each prime ideal p lying above p, we can associate
what is called the Frobenius automorphism Froby, of p (cf. [17, ch. 11.3] for more details). Then, as
p ranges over the prime ideals above p, the Frobenius elements Frob, comprise a conjugacy class
of Gal(K4/Q), which is called the Artin symbol of p. We denote it by o,. By abuse of notation,
we will denote the image p4(0,) € GL2(Z/dZ) as o, as well. It is known that the characteristic
polynomial of p,(Frob,) is
t* — @yt + p,
wherea, =p+1— N, (mod d) and p = p (mod d). As a consequence, we have N, = 0 (mod d)
iff 0, is contained in a conjugacy class of G(d) consisting of elements having 1 as an eigenvalue.
More precisely, let us define

Uy(d) :={A € Aut(F|[d]) ~ GL2(Z/dZ) | det(I — A) =0 (mod d)}, (3.1)

and C(d) := G(d)NVYy(d). Then the primes p { dNg such that N, = 0 (mod d) are precisely those
for which o, C C(d). By the Chebotarev density theorem, the natural density of such primes is
the ratio

[C(d)]
G@) (3.2)

In order to make the above ratio explicit, we will need the following properties of the set Uo(d).
Lemma 3.1. If (d1,d2) = 1 then Uy(did2) >~ Vo(dy) x Yp(da).
Proof. This follows upon using the isomorphism

L]d1doZ ~ 7]\ Z x L] doZ
to construct a well defined isomorphism ¢ : Wo(dida) — Wo(d1) x Yo(da). O
Lemma 3.2. Let £ be a prime. Then |Wo(£)| = £3 — 2C.

Proof. The cardinality |¥(¢)| counts all those matrices A in GL2(Z/dZ) which have 1 as an eigen-
value. This means that the characteristic polynomial char(A) is (x — 1)(z — a), where a € F;. We
recall the following result by Zywina [cf. Lemma 2.5, [30]]

0?40, ifa#1

2, ifa=1.

Hence |Ug(¢)| = 0% + (€ — 2)(£? + £) = £3 — 24, as required. O
q

# {A € GLy(Fy) : eigen values of Aareland a} = {

We will also need to invoke the following important result of Serre [24] for non-CM elliptic
curves.
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Theorem 3.3 (Serre). For a number field K, let E /K be an elliptic curve defined over K without complex
multiplication. Then there exists a positive integer L = L(E) such that if di,d> € N with (Ldy,ds) = 1,
then

G(didz) = G(dy) x Aut(E[ds]).

We will simplify the density (3.2) as follows. Let L be the integer appearing in Theorem
Given an integer d, we first uniquely write d = d;ds, such that rad(d;)|L and (da, L) = 1. Then
using Lemma [3.1]and Theorem 3.3} we obtain

[C(d)] _ |G(didz) N Wo(drda)| _ |G(d1) N Wo(dy)| |Aut(E[d]) N Wo(dy)|

|G(d)] |G(d1d2)] B |G(d1)| |Aut(E[ds])|
1 1
where
G(d)| |Aut(E[d) 6

w(d) = —2 D 5y = .
D=TEanw@r " EaE) 0 @)
Keeping in mind that Aut(E[d]) ~ GL2(Z/dZ), we see from Lemma [3.1| that § is a multiplicative
function. Using Lemma we see that on primes ¢ { L, it is given by

G GERY
50 =g (3.5)
Furthermore, by a similar argument as in Lemma 3.2} it can be shown that
(@—1(*—1)
S(q)= 21— 09 — ) 3.6
(9) -2 (36)

where ¢ = (" forsome r € N, and ¢ { L.
Let t be a fixed positive integer. Recall that the refined Koblitz conjecture is concerned with the

number of primes p < z, p{ Ng, such that % is prime. While trying to sieve out composite values
of %, we will be led to estimate

wp(r,d,t) = #{p<x:p{thE, % = 0 (mod d)} (3.7)
Since N/t =0 (mod d) iff o, C C(td), from the Chebotarev density theorem and the expressions
(3.3) and (3.4), we immediately find that as = — oo,
1 1
w(td1> ) (dg)
where d = d;d; is the unique factorization of d such that rad(d;)|tL, and (dg,tL) = 1.

7"-E‘("I"a d7 t) ~

Li(z), (3.8)

Estimation of the error terms involved in (3.8) is a deep question. Effective versions of the
Chebotarev density theorem have been given by Lagarias and Odlyzko [14], and Serre [25]. Re-
finements of these effective versions and applications to modular forms have been studied by M.
R. Murty, V. K. Murty and N. Saradha [18]. Recently, Pierce, Turnage-Butterbaugh and Wood [21]
established an unconditional effective version of the Chebotarev density theorem which holds for
“almost all” number fields in a certain family of field extensions. Using the explicit versions of
the Chebotarev density theorem given in [14] and [25], and assuming GRH for Artin L-functions,

Steuding and Weng [28] obtained the estimate
1 1

w(tdl) 5(d2)
where d = dyds with rad(d;)|L, and (d2, L) = 1.

wp(r,d,t) = Li(z) + O (d3/2$1/2 log (dNEx)> ,



8 SAMPA DEY, ARNAB SAHA, JYOTHSNAA SIVARAMAN, AND AKSHAA VATWANI

As pointed out by Cojocaru [5, Remark 12], one may also assume a more relaxed formulation
of GRH using the results in [14]. More precisely, assuming that the Dedekind zeta functions of the
division fields of E do not vanish for Re(s) > 6, for some 1/2 < § < 1, we have

1 1
dt)=—— ——Li d*z%log (dNgz)) .
mp(edt) = S gy ) + O (@2 10g (dNg2))
As stated in [5, Remark 13], from the results in [14], we have the following unconditional estimates
for small d. For d < loglog z, we have
1

1
e, dt) = 2o S )

Li(z) + O4 <d3(logaj)A) , (3.9)

forany A > 0.
We conclude this section by recording a bound on ﬁ, which will be of use to us in later sec-
tions.

Lemma 3.4. Let L be the fixed positive integer appearing in Theorem There exists an absolute constant
D > 0 such that for (n, L) = 1, we have

1 < (logn)”
o(n) n
Proof. For a prime ¢ { L, may write (3.6) as
1 1 1
= — — . 1
NG +O(£2r> (3.10)

Let n be an integer coprime to L, givenby n = [] Ef”, where a; € N. We then have,
i=1

el (oo ()20 (3) < Eolel(E2)

using the inequality 1 + x < exp(z). Since «; > 1 for each ¢ and

m

Z E.}“i < Z% < loglogn,

i=1 ¢ <n

we obtain the desired bound. O

4. COMPARISON OF (2.8) WITH THE CONJECTURED EXPRESSION FOR CE,t

In this section, we will compare the expression for Cg with that conjectured by Zywina
in [30]. We first set up some notation and establish some essential lemmas.

For any integer m, let R,,, := Z/mZ. Let d, d3 be positive integers such that (d;,d2) = 1. Then
by the Chinese remainder theorem we have the following isomorphism of rings

Rd1d2 ~ Rd1 X Rdz-
Under the above isomorphism, the reduction modulo d; map from R, 4, to R, is given by the
first projection

pr
Rdle ~ Rd1 X Rd2 —1> Rd1

x +— x (mod dy).

This induces the isomorphism of groups
GLQ(Rd1d2) ~ GLQ(Rdl) X GLQ(Rdz).
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Let I,,, denote the identity matrix in GL2(R,,). Under the above isomorphism, an element A €
GL2(R4,4,) can be represented as a tuple (A;, A2), where A; € GLa(Ry, ) and Az € GLa(Ry,).

Recall that K, is the finite field extension of QQ obtained by adjoining the coordinates of the
m-torsion points and G(m) is the Galois group of the extension K,,/Q, identified with a subset of
GLz2(R,,). Consider the short exact sequence of groups

0 H — G(dids) L G(dy) — 0, (4.1)
where f : G(d1d2) — G(d1) is the natural surjection of Galois groups. Consider the subsets
Gd1 (d1d2 = {A € G(dldg)‘ det(I A) =0 (HlOd dl)} (4.2)

and
Gd1 (dl) = {A € G(dl)‘ det(I — A) =0 (mod dl)}
Then we have the following commutative diagram,

de1 (d1d2)

Gy, (d1dy) ———— Gg,(d1)
0« H G(didy) ————— G(d1) —
j ﬂpdl do Pdy

0 ——s GLQ(Rd2) e GLQ(Rd1d2) —> GLQ(RCh)

2
GLQ(Rdl) x GL2 (Rd2)
where we denote the restriction of f to G4, (d1d2) as fg 4, (drda)-

Lemma 4.1. The map
fGa, (@ds) * Gay (dida) — G, (di)
is a surjection of sets.
Proof. Let A1 € Gy, (d1) — G(dy). Since
f : G(dldg) — G(dl)

is a surjection, there exists A € G(d;dz) such that f(A) = A;. Since A € G(d1d2) — GLa(Rg,d2), A
can be expressed as A = (A;, Az), where A; € H. Now A; satisfies

det(I4, — A1) =0 (mod dy).

But
det(Ig,4, — A) (mod d1) = det(Ig, — A1) (mod dy)
= 0 (mod dy).
Hence A = (A1, A2) € Gq,(d1d2) and hence A is in the preimage of A; under de1 (dids)- O

Lemma 4.2. Let A € Gg,(d1dz) and let B € H. Then AB € Gy, (d1d2).
Proof. Let A = (A1, A2) € G4, (d1d2), then it satisfies
det(Ig, — A1) =0 (mod dy).

Let B = (B1,B2) € H — G(dida). Since f(B) = I3, € G(d1), we have B; = I;, and hence
B = (14,, B2). Now we have

AB = (A1, As)(1g,, B2) = (A1, AaBs)
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which implies

det(I4,4, — AB) (mod d;) = det(lg, — A1) (mod d1) = 0 (mod dy)
since A; € Gy, (d1). Hence AB € Gy, (d1d2) and we are done. O
Lemma 4.3. For all Ay € Gg,(dy), we have fadll (d1d2)(A1) = AH, where A € Gy, (d1d2) is such that
fGa, (drdn)(A) = Ax.

Proof. Note that f(;;l (d dz)(Al) C AH, since A lies in the preimage of A;. For any B € H, by
Lemma , AB € Gg,(d1d2) and note that f(AB) = A;, that is, AB is in the preimage of A;.
Hence AH C fédll (dldg)(Al)' Therefore, fa;l (dldz)(Al) = AH and we are done. O
Theorem 4.4. For any d,, d satisfying (di, dz) = 1, we have
|Ga, (did)| = |Ga, (do)||H].
Proof. Letn = |Gq,(d1)| and Gy, (d1) = {A1, A, ..., Ay, }. Consider
fay, (@dy) + Gay (didz) — Ga, (dy).

From Lemma for any A; € Gq4,(d1), we have f&;l (dldz)(Ai) = AH for some A € Gy, (d1d2).
Since fq 4, (drda) is a surjection, we have

Ga, (didg) = |_| fG_dll (dldz)(Ai)'
i=1
Therefore, we obtain

(G (drd2)| = D 1£G) (ayay)(AD)] = [Gay ()| H].

i=1
O
Corollary 4.5. For all dy,dy such that (dy,d2) = 1, we obtain
Ga, (dadp)| _ |Gay (da)]
G (d1ds)] G(d1)]
Proof. From the short exact sequence (4.1), we get
|G (did)| = |G(dr)||H].
By Theorem[4.4], we have
|Ga, (dida)| = [Ga, ()] H]-
Hence combining the above we obtain our result. O

4.1. The constant Cg ;. The constant Cg; described by Zywina [30, Proposition 2.4] is given by

5E,t (t H f)
B otL B ?—0—1
%“£04wﬂe<wmww) (*3)
where
p4(m) = (G N Telr)] (4.4)

Gm)| 7
U, (m) := {A € Aut(E[m]) ~ GLy(Z/mZ) | det(I — A) € t(Z/mZ)"}.
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Let m = trad(tL). As discussed in Section 2.1 of [30], we have N,, = det(I — py,(0p)) (mod m).
Moreover, g is the natural density of primes for which NN, /t is an integer that is coprime to
rad(tL).

For a given divisor d of m, consider the set

Gia(m) = G(m) N {A € Aut(E[m]) =~ GLy(Z/mZ) | det(I — A) =0 (mod td)}. (4.5)

Thus, for a prime p { Ng, N, = 0 (mod td) if and only if py,(0p) € Gia(m). By the Chebotarev
density theorem, the natural density of the primes for which N, /t is an integer divisible by d is
thus |Gra(m)|/|G(m)|.

Since 0 + is the complement of the natural density of primes for which N, /t is divisible by some
non-trivial divisor d of m, we see that inclusion-exclusion gives us

—1_ |Gra(m)| _ |Gra(m)]
e =1 2 e = 2 M et

dlm
d>1

Now, for each divisor d of rad(tL) consider the factorization ¢ = ¢;¢2, where where rad(t;) = (d, t)
and (t2,d) = 1. Then for the integer N, /t, we have

% =0 (modd) <= <]\t[p>t2 =0 (mod d), (4.6)

since (t2,d) = 1. Since the latter congruence above occurs if and only if p,,(0,) C Gy qa(m), we
may replace the density |Gq(m)|/|G(m)| by |Gt,a(m)|/|G(m)|. We thus obtain

|Gt1d(m)|
dpi(m) = p(d) =2
m = 2, D
Writing rad(tL) = dd’, we see that m = t1tadd’, where (t1d,t2d') = 1. Using Corollarytwice
gives

Gra(m)| _ |Graltid)| _ |Gra(td)|
|G(m))| |G(t1d)] G(td)|

Again, using [@.6), we may replace |Gy, 4(td)|/|G(td)| by the density |Ga(td)|/|G(td)|, which is
simply 1/w(td) (see (3.4)). This gives

Spu(trad(tL)) = ) u’j((t‘il)), (4.7)
d|rad(tL)

so that the expression (2.8) does indeed agree with (4.3).

5. PRELIMINARIES

In this section, we state some lemmas that will be useful to us later in the paper. Let (L) denote
the number of distinct prime factors of L.

Lemma 5.1. Let L be a fixed positive integer. As x — oo, we have

Z 1 < (2logz)’ ).

n<x

rad(n)|L
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Proof. Let rad(L) = p1p2...pk. Then the required sum counts atmost the number of integers n of
a1 0o

the form p{" p32...pp" with 0 < o < l(fgx Thus,

S 1< H( log ><<H (2logz) < (2logz)" ™).

n<lz
rad(n)|L

Lemma 5.2. Let L be a fixed positive integer. We have

Z (13(n))? < (2log )2 (1),

rad(n)|L

Proof. It is easy to see that 73(n) < (7(n))3. Hence,

6
Y mm3< Y (rw) <<( 3 ﬂn)). G.1)

n<lx n<x n<lx
rad(n)|L rad(n)|L rad(n)|L
Now,
2. tm= 3 > 1= > ) 1
n<zx n<z dn d<z m<z/d
rad(n)|L rad(n)|L rad(d)|L rad(m)|L
< (2loga)™®,
using Lemma [5.1] Putting this into (5.1) completes the proof. a

6. AN ELLIPTIC ANALOGUE OF THE ELLIOTT-HALBERSTAM CONJECTURE

In Section 3] we discussed the asymptotic for g (x, d,t) that follows from the Chebotarev
density theorem. In the context of the Koblitz conjecture, we will need with the error term
controlled on average over moduli d in a certain range. This can be thought of as an elliptic ana-
logue of the Elliott-Halberstam conjecture given in (2.4).

Conjecture EHp ;(2%) : Elliptic analogue of the Elliott-Halberstam Conjecture. Let L = L(E) be
the fixed positive integer given by Serre’s result (Theorem and let t be a fixed positive integer. Define
Li(y)
Agp(y,d,t) =7mg(y,d,t) — ———

where d = dydy is the unique factorization of d such that rad(d,)|tL and (da,tL) = 1. Then we have as
T — 00,

(6.1)

Zmax‘AE y,d,t) ‘ <A

X
d<z® 7~ (log z)* 2

forany A > 0.

A pivotal step in the proof of our main result is the derivation of a variant of Conjecture
EHp (2%). Assuming the elliptic analogue of the Elliott-Halberstam Conjecture given above, we

derive an equidistribution result for primes p with & in an arithmetic progression, satisfying the
additional constraint that 2 is squarefree. Towards th1s goal, we consider

mp(x,d,t) = # {p <x:ptdtNg, % =0 (mod d), p? (tp) + O} ) (6.3)
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We obtain the following conditional result for 7}, (x, d, t), with the error term controlled on average
in the range d < 20,

Theorem 6.1. Assume that Conjecture @ holds. Suppose that Conjecture EHp, (29 (log z)?) is true for
some fixed 0 < 6 < 1, and a suitably large absolute constant B. Let L = L(FE) be the fixed positive integer
given by Theorem[3.3] Let

o0

A2y, d, B t) = m5(y, d,t) Z
e=1

w( dl,e1 6([d2,e%])’

where d = didy is the unique factorization of d such that rad(dy)|tL, and (d2,tL) = 1. Similarly for
e = ereq. Then, as x — oo, we have

Z 12 ( max‘A (y,d, E,t)‘ <A (6.4)

€T
= (log z)A’
forany A > 0.

The remainder of this section will be devoted towards completing the proof of Theorem 6.1}

Proof of Theorem Recall the identity

1, if nis squarefree
> ule { 1 (6.5)

2 0, otherwise.
e“n

Using this we may write,

XY SE €O R SED oI C! 66)

p<z p<z 2‘&
pj[thE pitdNEg
%EO (mod d) %EO (mod d)
Let z < z be a function of x, to be chosen later. We write,
mp(z.d,t) = mg(z,d, t;2) + ez, d, 1 2), (6.7)
where,
e, d tz) = > Y p(e) (6.8)
p<x 2| Mp
pfthE <z
%EO (mod d)
and
Apledtiz)= > Y pule) (6.9)
p<T 62|&
pitdNp e>%

%EO (mod d)
We expect the tail sum 7g(x, d, t; 2) to be negligible as z — co. Indeed, we prove the following.

Proposition 6.2. Suppose Conjecture @ holds. Let z = (logx)?, where B is a sufficiently large absolute
constant. Then for any A > 0,

Zu max‘wE y,dtz‘<<,4

x
A
iz (log x)
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Proof. We have

%E(yadvt;z) = Z Z :U’(e)

Py 2| Ne
pitdNp e>z
22 =0 (mod d)
= Y pule) > 1,
z<e<\/y+1 Py

p“’thE
Np=0 (mod t([d,e?]))

upon changing the order of summation and using the Hasse bound |a,| < 2,/p. Hence,

max g (y, d, t52)] < > > 1 (6.10)

z<e<\/z+1 p<z
Np=0 (mod t([d,e?]))

For the inner sum above, we will first run over possible values n of IV, and then bound the number
of primes p for which N, = n. Using Conjecture 4, we obtain

)SEEEEEES SN o

p<x n<z+2v/z+1 p:Np=n
Np=0 (mod t[d,e?]) n=0 (mod (t[d,e2]))

n§x+2ﬁ+1
n=0 (mod (t[d,e?]))

z(logz)¢
tld,e?] ’

for some C' > 0. We write d = d'r,e = ¢'r, where r = (d, ¢). As d is squarefree, we have [d, ¢?] =
d'e”?r?. We then have

z(log x 1
S Y %@W POE=D S TED DI

(6.11)

d<azf z<e</z+1 r<xﬂ d’<m9 z/r<e’<\/z+1
z(logz)t
Lz loga: Z Z td’rz ~ ) (6.12)
r<z? d'<z°
for some absolute constant C; = C1(E) > 0. Combining (6.10), (6.11), (6.12) and choosing z =
(log z)“1+4 for A sufficiently large completes the proof. O

Let us now turn to the sum 7*(z, d, t; z), which is expected to contribute to the main term in
(6.7). We will denote it as 7} for the remainder of the section. Upon interchanging the order of
summation, we have

e Y Y u0-Yuo YL

p<x 2| X e<z p<wz
MthE t p’fthE

N0 (mod d) N2 =0 (mod [d,e?

—P =0 (mod d) —P=0 (mod [d,e”])

Let us note that if p | [d, €?], then the inner sum is atmost

Zl<ZA = log(e?).

p<z nle2
plld,e?]
pld
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Thus, the contribution of primes p | [d, €] to 7} is of the order

Z log(e?) < zlog(2?). (6.13)

e<z

recall that we chose z = (logz)? with B sufficiently large in Proposition The contribution
(6-13) is hence negligible and we may assume p { [d, €?] henceforth. In other words, as = — oo,

~ > ule) > 1

e<z p<lz
Mt[dﬂeQ]NE
22 =0 (mod [d,e?])
Z M(G)WE(x7 [dv 62]7 t)v
e<z

where 75 (z, [d, €?],t) is as defined in (3.7). Let [d, €?] = [d, e?]1[d, e*] be the unique factorization
of [d, €?]2 with rad([d, €?]1)|tL, and [d, €*]2 coprime to tL. It is easy to see that [d, €?]; = [d;, 7], for
i = 1,2, where d = dydz, rad(dy)|tL, (d2, L) = 1, and similarly for e = ejey. Therefore, applying
(6.1) we have

o Y le) s + O O (e a0

e<z e<z

= M(z,d,t;z) + E(z,d, t; 2) (say). (6.14)

We now proceed towards simplifying the main term M (x,d, t; z) in (6.14). A natural step is to get
rid of the dependence on z. Let us write,

1 z) = Li(x 3 #(e) — Li(x #(e)
M, diti2) =Li(e) ) o ey~ 1) 2 G eT)o (o 2D
= M(x,d,t) — M(ac, d,t;z) (say). (6.15)

As our next step, we show that the tail sum M above is negligible on average over d, as z — oo.

Proposition 6.3. Let z = (logz)?, where B > 0 is a sufficiently large constant. Then for any A > 0,

X

2 A7 .
> w(d) max | M(y, d ;2)| <a oz 1)

d<z?
Proof. We have from ( ,
2 1 (e)
Zu( maX\M|<<L1 Z,u Zm
d<z® d<z? e>z 2)%2

since w(n) > 1 for all n € N. As e = ejey is squarefree with rad(e;)|tL, in the above sum over e,
we have e; > ;7 > ;7 and e ranging over divisors of tL. Hence,

Zu maX|M\ < Li(z)7(tL) Zu Z 5. d2 )

d<z? d<z? €2 >7

log[ds, €3])”
< L) 1Y 12 ZW

di|tL do<af 82>i
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using the factorization d = d;dy and applying Lemma Writing dy = dbr,es = ebr, where
r = (da, e2), we have [da, €3] = der?. This gives

10g d12€/27,,2
Z max|M] < Li(z Z Z Z d’Ze’QiQ

d<:1:‘9 - r<zf d,<af et >7-

As done in the proof of Proposition one can show that the inner triple sum over r, d, and €,

is <L, M for some absolute constant C' > 0. Choosing z = (log x)4*¢ for A sufficiently large
completes the proof. O

Coming back to (6.14), we now show that if we assume EHp ;(2%) for some 0 < 6 < 1, then
the error term E(z, d, t; z) can be controlled on average in almost the same range of d, conditional
upon Conjecture

Proposition 6.4. Let z = (logz)?, where B > 0 is a sufficiently large constant. Suppose Conjecture @
and Conjecture EH g ;(2°22) hold. Then for any A > 0, we have

> pP(d)max |E(y, d, t; 2)| <
y<t

=, (log z)4

Proof. We will denote E(y,d,t; ) as E(y) in this proof. Put r = [d, ¢?]. It can be shown that the
number of d and e such that [d, ¢?] = r is atmost 73(r"). From the definition of E(y) in (6.14) we get

Zu max‘E )| < Z Tg(r)mgX|AE(y,r,t)|.
d<z? r<afz2 y=r

Now using the Cauchy- Schwarz inequality we have,

1

> W max\E )\<<< > (T3(T))21513£<|AE(y,7“t ) < > maXAE(y,Tt)|>2 (6.16)

d<z? r<zfz2 - r<afz? T

The hypothesis EH ;(2Y22) yields that the second term on the right hand side of (6.16) is

. 1/2
<4 (<logx>A> ’

for any A > 0. Thus, in order to complete the proof, it suffices to show that the first term on the
right hand side of (6.16) is of the order

(z(log )¢ /2 (6.17)
for some absolute constant C' > 0. Let us observe that by definition (6.1),
Li(x)
L+ | ———|
2 ' ‘W(tﬁﬁ(rz)

p§m7MtrNE
Np=0 (mod tr)

max |Ap(y,rt)] <

We estimate the contribution of the final term above to (6.16) as follows. Upon using Lemma
followed by Lemma/5.2} we have

. (13(r))* . 2 (13(r2))*(log 12) ”
Li(z) Tgﬁ;zQ w(tr1)8(r2) < Li(z) T%g (13(11)) 7«2%:622 To
rad(r1)|tL B

< Li(z)(2logz)'*®) (log 2)°,
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for some absolute constant C' > 0. Hence in order to show (6.17), we are left to estimate the sum

GG 1+

r<zf22 p<z,pitrNg
Np=0 (mod tr)

On running over values n of N, and then over primes p such that N, = n, Conjecture @ yields that
the above sum is

T3(T 2
< D> (mr)? ). Me(n) < wz(logz) Y ()

tr
r<gf 22 n<z+2/z+1, r<gf22
n=0 (mod tr)

< z(logz)
for some absolute constant C; = C(E) > 0. This gives (6.17) and thus completes the proof. O

We are now ready to obtain Theorem[6.1]as follows. From equations (6.7), (6.14) and (6.15), it is
clear that

wp(x,d,t) ~ M(x,d,t) — M(x,d, t;2) + E(z,d, t; z) + 7(x,d, t; 2).
Then
AHQ (y7 d’ E7 t) = TrE(y7 d7 t) - M(y’ d’ t)
=y, d.t:2) + By, d.t:2) — My, d t;2). (6.18)
Applying Propositions and[6.4]to (6.18), we obtain Theorem|[6.1}
7. PRELIMINARY COMPUTATIONS FOR THE KOBLITZ CONSTANT

The following special case of the Wiener-Ikehara Tauberian theorem due to D. J]. Newman [20]
will be instrumental in our calculations for the constant Cg ;.

Theorem 7.1 (Newman). Lef |a,| < 1. We consider the series

[e%S) an

F(s):= Z —

n=1 "
which is absolutely convergent for Re(s) > 1. If F'(s) can be analytically continued to Re(s) > 1, then the
series Y | % converges for Re(s) > 1. Moreover, for Re(s) > 1, we have )" | 92 = F(s).

We prove the following preliminary lemmas.

Lemma 7.2. Let L be any fixed positive integer. Let 6(¢) be as given in (3.5) for primes £ { L. Then as
T — 00, we have

d —C og T
> ‘g((d; < e~Vlos (7.1)
d<z,(d,L)=1
for some ¢ > 0.

Proof. Let s = o + it, 0 > 0. Consider the series

8
=
&

f(s) = : (7.2)

d=1
(d,L)=

Using Lemma 3.4 we see f(s) is absolutely convergent for Re(s) > 0. Using (3.5), we have the
following Euler product for f(s) in this region:

- (% - 2)
“$‘H0‘w—wﬁ—m9‘

4L

1




18 SAMPA DEY, ARNAB SAHA, JYOTHSNAA SIVARAMAN, AND AKSHAA VATWANTI
Multiplying and dividing by the factor [] (1 — z57) , we write
¢

f(s)=C(s+1)7'G(s), (7.3)

where ((s) is the Riemann-zeta function and

G(s) = H (1 - 5511>_1 H (1 - @i’-l>_1 <1 (¢ _(f)z(g_Q 2_) 1)£S> '

0L 4L

Writing the denominator of the last term in parentheses as ¢5(¢? — 2)((1 — ), where

-1
T e =)
we have
1\ ! 1\ ! 1
L UL

Since 2, = O(%), we have

¢t =1l (1 - 681“)_1 11 (1 - el+1> ) (1 - eslﬂ + Oési/p)

0L oL
1 \! 0(1/@)
= II (1 - gs+1> 11 (1 T st gs+1
oL UL

g(wsi>lg(+0<es%) (),

Thus, we see that G(s) is absolutely convergent for Re(s) > —1.
We now apply a quantitative version of Perron’s formula (cf. [10, Section 3], [29, Lemma 3.12])
to get
b+iT

pd) 1 / G(s) (log )?
_ b - 7.
5d) 2 | s41) s Tds+0 T ) 7.5)
dsz b—iT
(d,L)=1
with b = gm . Let us denote Re(s) by 0. Since we have the zero-free region (cf. [29, Theorem 3.8] )
co
>1-— 2% {eR,
7= T log(lt[+ 2)

for some ¢y > 0, we can shift the above integral to the left, to the path [y — iT,~ + iT|, where
v="(t) = —lmg(f%. This gives
@ . N—iT  y+iT  b4iT (log 22
maea) L g )"
e = /+/+/ +0< - ) 7.6)
( d(,iLg):l boiT — A—iT  ~+iT

where the integrands are the same as in (7.5). We will obtain the required bound by estimating
each of the above integrals and choosing 7" suitably in terms of x.
We first estimate the upper horizontal integral. Using the bounds (cf. [29, (3.11.8)])

G(s) < 1, C(s)™t < log (Jt| + 2)
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in the regiono > 1 — 5, we have

(&)
log(|t|+2

b+iT . 1 T b l T .
o log(T'+2) /x og(T + )azlogx(logx)
G+ s

v+ v

log(T + 2)
< T
The lower horizontal can be bounded in exactly the same way. Finally, we have

log x. (7.7)

y+iT T

s —_—f__ dt
—ds <« x 108(t+2) Jog(t + 2) ———.
/ Cs+1 ] 0/ 8( ) /724 12

y—iT
T
Choosing 7' such that log(T} +2) = 7”0210“, we split the above integral as [ + [, to obtain
0 T

y+iT G T . T B d
e __Co
/ (s) id < /a: log(t+2) Jog(t 4 2) dt + /w log(t+2) Jog (t + 2)%
T

C(s+1) s

y—iT

co log x

o2V logz /log x / dt + e 108(T+2) (log T')?

co 10g x

< e~ Vlogr 4 T log T 7 (7.8)

for some constants c;,cz > 0. Choosing log7" = /log z and putting together (7.6), (7.7) and (7.8),
we have obtained

> Zgg<<e—“m%x

(d.L)=1
for some ¢ > 0, as needed. O

Lemma 7.3. Let L = L(E) be as given in the statement of Theorem 3.3|and 6 be as in (8.5). Let

Py o(d)d

where g(d) is a multiplicative function of d, satisfying g(¢) = 1+ O(%) on primes ¢ dividing d, with
an absolute implied constant. Then F'(s) is absolutely convergent for Re(s) > 0 and can be analytically
continued to Re(s) = 0. Moreover,

S o =T(-0) 03 (-45)

Proof. From Lemma [3.4] F(s) is clearly absolutely convergent for Re(s) > 0. In this region, we
have the Euler product

_ (@290 \ _ 1+0(})
e = H(“(ﬂ—l)@?—l)é&)‘H(I‘M)

HL HL

where
Pz —r-1

T e o)
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as done in (7.4). As done in the proof of Lemma|7.2), we may write

F(s) =((s+1)" H(s), (7.9)
where H(s) 1\ 1\ (12 —2)g(0)
5 ‘ﬂ(l_wl) g(l_esH) (- et e) 70
can be simplified to §
wo=T1(- ) T(o( )

Thus, H(s) is absolutely convergent for Re(s) > —1. From the expression (7.9), we see that F'(s)
can be analytically continued to Re(s) > 0.
In particular, gives us

F’(s):—cl(8+1) L () 4 (s 4+ 1)L (s),

( 1) ¢(s+1)
in the region Re(s) > 0. As ((s) an %( ) have simple poles at s = 1 with residue 1, we find that
o= =T](1-2) Tr(1-1) (1= =20
F(O)_H(O)_H<1 g) g<1 £> 1 D@1 (7.11)

from (7.10). Using Theorem [7.1] ﬂ of Newman, we see that the series representation

Z 5 ds d)log(1/d) (7.12)

for Re(s) > 0 must also hold for Re(s) > 0, and the expressions (7.11) and (7.12) agreeat s = 0. O
Lemma 7.4. Let t, L be fixed positive integers and w be any arithmetical function. Then we have
u p(d
7.1
2. d 62 Z o 713)
dL el

Proof. Since d and e are squarefree, we have [d, €?] = d’ 62, where d’' = d/r and r = (d, ). Note that
d’ is coprime to 7 and e. If we fix divisors d’ and e of L, with (d’, e) = 1, then r can range over any
divisor of e. Each such choice of 7 yields a unique d, given by d = d’r. The sum in question is thus

given by
w(d)u(e ne
YR Y T s e
e|lL d|L elL d'|L rle
(d'e)=1
The innermost sum is supported only on e = 1 by the fundamental property of the Mobius func-
tion, thus completing the proof. O

We will now use the above lemmas to complete our computation of the refined Koblitz constant
from certain sums involving the functions § and w given in (3.4). These sums will come up in a
natural way in subsections [8.1|and 8.2} and play an important role in the proof of Theorem 2.2}

Lemma 7.5. Let t be a fixed positive integer. Let L = L(E) be the integer appearing in Theorem We

have
(e)log (%) 1\ ! 2 —0-1
DRI de?) H(“e) H<l‘<z—1>3<e+1>>‘ 719

(d,tL)=1 (e,tL)=1 0t HtL
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Proof. We use the identity f([m,n]) f((m,n)) = f(m)f(n), which holds for any multiplicative func-
tion f and m,n € N (cf. Selberg [23]). Then the innermost sum above can be written as

p(e)d((d; e))
(e%::l 0(e*)o(d)

The double sum over d and e in (7.14) is thus given by

pld) log(1/d),
——————=h(d), (7.15)
( d%):l o(d)
e (€)3((d, e))
B w(e)d((d,e
h(d) - (e7§1 5(62)
We write
_ 1 _ ) _ 1
H =11 (1509 11 (- 53) 11 (1= 55 ) 5 (7:16)
pid pld
where ¢(d) is a multiplicative function of d, given on primes ¢|d by
B 5(0) 1 \*!
o01= (1= 507) (1= 55) 71

Observe that g satisfies the hypothesis of Lemma [7.3by invoking (3.5). Applying Lemma|7.3} and
using (7.16)), we see that the sum (7.15) simplifies to

(-8 07 (mam) (-56):

Simplifying the above product using (7.17) and the expression (3.6) for §, we see that (7.15) is given

by
1)‘1 < 2—0—1 >
M(-3) (- s
£|tL< Y4 i (L—=1)3(0+1)
as needed. O

Lemma 7.6. Let t be a fixed positive integer. Let L = L(FE) be the integer appearing in Theorem We
have

u(e (do)u(ez) log(1/d
Py > .o,
dy|tL 1,¢€ (d tL)= 2,3

31|tL (62,tL)

where the constant Cg is as given by (2.8)).

Proof. Using Lemma|7.4, we see that the sum over dl, e1 reduces to

“ (7.18)
ver Y

Using Lemma for the sum over dy, e3, we obtain the required expression for our sum. O

We also have the following expression for Cg ; in terms of another sum.
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Lemma 7.7. Let t be a fixed positive integer. Let L = L(FE) be the integer appearing in Theorem We
have

M p(e2)log(1/e2)

= o Oy,
enfer ( tL)=
where Cp 4 is as defined in [2.8).

Proof. It is enough to show that

e)log(1/e
ZM g)/)_H

(e,tL)= LtL

For the sum on the left hand side, we are in a position to apply Lemma (7.3 with g = 1. This gives
(e log pi(e) log(1/e) 1\t 1\ ! 1
= 1—- 1—- 1— —
2 =11{1-7) 1I(1-7 50 )
(etL)= otL HtL

which upon simplification using (3.5), yields (7.19). a

8. DECOMPOSITION OF A

Let ¢t be a fixed positive integer. In this section, we want to estimate the number of primes p < x
with pt Ng, such that 22 is a prime. Consider the sum

Spalz) = Y p <]:1’>A<]Zp) (8.1)

p<x
PINE
Np=0 (mod t)

Note that N, < = + 2y/z + 1 by the Hasse bound. We find that

A & — ,UQ % A &
t t t )’
except when =2 N is a prime power. However on considering the sum

> A(?")g > ME(H)A<%>S > ME(n)A<7Z>+2 3 ME(n)A(%’

p<z,a>2, n<z+2/z+1, 2

N 2= n<z3, 23 <n<(Va+1)2,
l—q QZQ:?_QO‘ aZQ,%:qO‘ O‘ZZ%:‘IQ
q prime
by (2.7), we have
n 2
§ : Mp(n)A (?) = O(x3)
2

We now observe there must exist a power of ¢, say ¢% with Bq > 2, such that ¢% | nand ¢% > s /t
for all S <n <z + 2y/z+ 1 which are of the form t¢* with « > 2. This shows that

3 ME(n)A<%>§ 3 3 ME(n)A<%>.

2 2
@3 <n<(va+1)2, ISVEHL L3 e (a2,
a>2,=q% Pan
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By Conjecture4] it follows that

1 C
S 3 ME(n)A(?):O logz Y % = Oy(z¢ (log z)°),
q
a<Vz+1 I§<n§<ﬁ+1)2’ q§ﬁ+21, q
?ain q’8q>@

for some C' > 0. This yields

Np _ 2 [ Np Np 3 C
p<z p<z
PtNE PINE
Np=0 (mod t) Np=0 (mod t)

Thus it is enough to work with the sum (8.1).
Recall (cf. Ex 1.1.6, [16]) that
Z wu(d)log(1/d).

din

For some fixed y > 0, we may write A(n) = Ay(n) + Ky(n), where
M) i= S u(dlog(1/d),  Kym)i= 3 u(d)log(1/d).

d|n,d<y dn,d>y
Applying this decomposition of A we break the sum Sg () into two sub-sums S; +(y) and Sa+(y),
where N
— 2 (Dp
su= X () T ua@osti/a) 82)
i 5
Np=0 (n]fod t) d<y
and N
Sulr) = Y <t) S () los(1/d). (53)
i i
Np=0 (rfod ) d>y

We treat the two sums above separately. Henceforth, we consider y = y(x) as a parameter which
will be chosen suitably later.
We have thus obtained, for some C > 0

N,
2. A <t> = S1a(y) + Szu(y) + O(@*/*(log 2)°). 84)
5
Np=0 (mod t)

In order to prove Theorem we derive an asymptotic formula for S; ;(y) and show that the
main contribution to Sg¢(x) comes from the sum Sy ;(y).

8.1. Contribution from S; ;(y). We will first estimate S +(y) in terms of a sum involving the func-
tions w and ¢ defined in (3.4).

Lemma 8.1. Let L = L(E) be the fixed positive integer appearing in Theorem Let y = 29 for some
fixed 0 < 6 < 1,and B > 0 be a suitably large absolute constant. Assume that Conjecturefand Conjecture
EHg, (29 (log 2)?) are true. Then for any A > 0, we have

p1(d)pu(e) log(1/d) x
S1(y) = Lilz ZZ dl, D6 (({da. 3 2])+OA< A)’

== (log )
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where d = dydy is the unique factorization of d such that rad(dy)|tL, (da,tL) = 1 and similarly for e

Proof. After interchanging the order of summation in (8.2), we may rewrite S +(y) as

N,
2 (Vp
S1(y ZM ) log(1/d) E % <t> (8.5)
d<y p<z
PNg
Np=0 (mod td)

Note that if p|td, then the inner sum can contribute at most

Zu( ><<ZA ) < log(td).

p<z nltd

pltd

Therefore, the contribution to the sum (8.5) when (p,td) # 1is < y(logy)
So, we may assume that (p, td) = 1. We now consider the sum

> p(d)log(t/d) Y ;ﬂ(]\t[p).

d<y p<x
pltdNg
Np=0 (mod td)

The inner sum above is E(az d,t) as defined in (6.3). Under the assumption of Conjecture ff and

Conjecture EHp; (2?(log 2)?) Theorem. gives

2. which is negligible.

p(d)p(e) log(1/d)
Sl t Ll + Al,t(y)a
dZZ dl, Do([ds, 3]
where
Alt Z/JJ IOg 1/d (y’d,Evt)
d<y
T
1 A E
< logy Y p(d)|Ae(y,d, B t)| < (og /A"
d<y
(Il

for any A > 0, using (6.4). This completes the proof.

We are now left to study the sum in the main term
¢) log(1/d) 6

wu(d
ZZ dl, 1)8([d2, e3])’

d<y e= 1

as y — oo. Writing log(1/d) as log(1/d1) + log(1/d2), we have
Mi(y) = Mis(y) + M2 (y),

where (@) y )
e1)lo 1
Mlt Z /‘I’ 1 /’l’ ]C-l g /1 Z Z lu’ d e (87)
AL [, €f]) (ea,tL)=1 d<y 2, €3])
€1|tL (dz,tL)
and
Ma(y) =Y £ “ d Z Y “ log(1/ds). (8.8)
dier ¥ 1’61 =1 d<
e1|tL (dg,tL) 1

The following two propositions summarize the contribution of each of the above components of

the main term.
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Proposition 8.2. Let L = L(E) be the positive integer given in Theorem[3.3} As y — oo, we have
My (y) <ap e VI8Y,
for some absolute ¢ > 0.

Proof. Consider the double sum

Z > L #d)ule) 8.9)
(estL)= d<y [d7 ¢ ]
(d tL)=

Since d, e are squarefree, putting r = (d, e), we see that [d, €?] = d'e?, where d’ = d/r. Given any e
coprime to tL, r can range over all divisors of e. Thus, equals

d e—c1Vlo
Z M Z (r) ,Z SL((d’i < 1vlogy Z M Z 12
(e,tL)= r| (d/defi;L/)r:1 (e,tL)= r\e

for some constant ¢; > 0, using Lemma(7.2 Since
y
(e,tL)=1 (

is absolutely convergent using Lemma 3.4] the sum in is < exp(—cy/log y) for some ¢ > 0.
The inner double sum of M; ;(y) in (8.7) is precisely with y/d; instead of y. Hence, for some
c>0,

2(dy) p? log(d
Mig(y) < eVosv S~ K (d1)u (61)20g( D ¢ e~ VI8 log(tL)T(tL)?,
wiomy  lw(tldi el

which completes the proof. O
Proposition 8.3. We have, as y — oo,
Ma(y) = (1 +0(1))CE.,
where Cp 4 is the constant defined in (2.8).
Proof. This follows immediately from Lemma O

We obtain the following asymptotic formula for S; ;(y).

Lemma 8.4. Let y = 2% fora fixed 0 < 0 < 1, and B > 0 be a suitably large absolute constant. Assume
that Conjecture@and Conjecture EHp 4 (2% (log z)B) are true. Then as x — oo, we have

Sl,t(y) = (1 + 0(1))CE¢ Ll(x),
where Cp 4 is as defined in [2.8).
Proof. The result follows upon putting together Lemma(8.1} (8.6), and Propositions[8.2land[8.3, O

8.2. Contribution from S5 ;(y): We recall from that

Su)= X () T ua@iosti/a)

;(ffgm d| Np
Ng t
Np=0 (mod t) d>y



26 SAMPA DEY, ARNAB SAHA, JYOTHSNAA SIVARAMAN, AND AKSHAA VATWANI

Let % = de. Since p < z, the Hasse bound gives dte < x+1+2,/z. We write the sum over divisors
e of N, /t, instead of d, to get

N, N, et
Sosly) = > 1 (;’) > u(ef)log (N)
p<z Np p
ptNE

Np=0 (mod t)

el
o< (T 142VE)
< v

Since % is squarefree in the above sum, we may write 4 (%) = U <%) u(e). Therefore,

Soxly) = Y D" <JZ”> p(e) log (;;;) :

éﬁx e| X
Ng ¢
Np=0 (mod t) 6§<I+1;r7t2\/5)
Using this we rewrite

Saa(y) = S57(y) — S5 (w),

where,
N,
Sg,lt (y) :== Z Z I (;’) u(e)loge (8.10)
AR
Np=0 (rfod ) 6§(96+1+t2\/5)
and,

Sy = > S ule)n <J\t[p> log<]\tfp> (8.11)

ﬁﬁﬁ e| X

Ng t

Np=0 (mod t) €<M
- Yy

We evaluate Sé,lt) (y) and S;Zt) (y) in the following propositions.

Proposition 8.5. Let y = 27 for some fixed 0 < 6 < 1. Assume Conjecture EHg  ,(z'~%)holds. Then for
any A > 0, we have

0= T ()10 (5).
i

where Cg 4 is as defined in 2.8).
Proof. After interchanging the order of summation, we rewrite the sum in (8.10) as

SHOUEEED SENCICRED SR C

(z+1424/7) p<zT
es yt PINE
Np=0 (mod et)

Note that the contribution to the sum (8.5) when p|et is < 2'~?(log )2, which is negligible. Hence
we may assume that (p, et) = 1 and consider the sum

N,
1 p
(x—&;-%/ﬂ?) S pz<; N< t >
GS yt ME;NE
Np=0 (mod et)
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Let e = eje be the unique factorization of e such that rad(e;)|tL, and (ez,tL) = 1. Using Conjec-
ture EHp 4, u(xl_e) in the above expression, we have

1) Z pler)u(e2) Z Np T
= —e 1 — — .
SQ,t <y) W(tel)é(eg) Og<6162) 2 t + O (lOg .T)A ) (8 12)
e1|tL < (at1+2y) p<w
€2> ytey PINE

for any A > 0. The double sum over e; and e is independent of the sum over primes p above. We
observe that

€ € —C\/10gx
5((tel)) log(e1) Z “((62)) S VI
! (e142v7) 2
ytel

using Lemma From this and Lemma 7.7, we see that the aforementioned double sum in (8.12)
equals

(=%

€2

—(1+0(1))Cgy + O(exp(—cy/logz)).
Putting this into (8.12) completes the proof. O

In order to show that Sé?t) (y) is negligible, we need the following logarithmically weighted
version of EHp, ,, (27) .

Proposition 8.6. Assume that Conjecture EHp ; ,(2%) holds. Let

et 3 (%) (%) by () (%)

pSm,p’[teNE
Np=0 (mod te) ptNE

where e = eyey is the unique factorization of e such that rad(ey)|L, and (e2,tL) = 1. Then given any
A > 0, there exists B = B(A) > 0 such that

X x
Z |AE,LL($7 €, t)| <<A VA
o (log x)
— (log z)B
forany ¢’ < min {6,1/2}.
Proof. We will rephrase Conjecture EHg ; ,(2?) using an indicator function which detects integers
(with multiplicity) of the form % for some prime p { et Ng. More precisely, we define

1pi(n) :==#{ptetNg: Ny/t =n}. (8.14)
Let us define the function b(y) = y + 2,/y + 1. Then for any y sufficiently large, we have
Np
Y. umlen) = > p ") +0WE), (8.15)
n<t® p<y,pfteNg

nEOYmod e) Np=0 (mod te)

where the O-term takes into account the possible contribution from N, s with p lying in the in-
terval (y,y + 4,/y + 4], to the sum on the left hand side of (8.15). By (2.6), we have that (8.15)
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equals

e P () + oW + Apatyet
N

b 7)o s of )
mefz\sz ”

Using (8:14) again, we obtain that Conjecture EHp ¢ ,,(z”) can be formulated as follows:

Z 1(n) 1 g o (n) = W S W) pa(0) + Dyl ) + 0D (816)
n<t <ty
n=0 (mod e)

We now apply partial summation to the sum

> un)Lg(n)logn,

b(z)

n= O(mod e)
to get
b(z)/t )
(n) g (n) | log(b(z)/t) - (n)1g(n) | ~du
< zb(:z) p(n)lpg > g 1/ < ; wn) g )u
e O(mod ¢) n=0 (mod e)
. b(z)/t )
=== (n)1g(n) ) log(b(z)/t) — (n)1p(n) | ~du
e |( I, Hoeo) [ (Zpooeic);

+Ou(Valoga) +  max| Ao e, o ).
Yysx

where the last expression follows from (8.16). Notice that the expression inside the square brackets
is exactly what one would obtain on applying partial summation to

> pu(n)lgy(n)logn.

b(z)

n< @)
Hence, we have
Zb(x) um)ge(n)logn =~ ;) p(n)lg(n)log(n) + Ap ,(z,e,1),  (8.17)
n=0 (mod ¢)
where
A (z,e,t) = r;lg;{ AR (y, e t)]log z + Oy(v/zlog z). (8.18)

Making the transition from sums over n to those over primes p using (8.14), we have

£ (w3 st T, o ()we(3) e

p<z,pfteNg p<z,ptNg
Np=0 (mod te)



ON THE REFINED KOBLITZ CONJECTURE 29

where
Ap,(z,e,t) = A, (z,e,t) +O< Zlogw)
Since the last term above is < 1, (8.18) yields the desired bound on Ag ,(x, e, ). O

This result allows us to bound Sé?t) (y) as follows.

Proposition 8.7. Suppose that Conjecture EHp + ,,(x1~%) holds for some 6 > 1/2. Then given A > 0,
there exists B = B(A) > 0, such that

520(0°0082)") < {ya

Proof. Lety = xY(log #)2(Y). Recall from (8.11) that
N, N,
A=Y uwe) > wu (;’) log (f)
< (z+14+2V7) p<z,pINg
€= yt Np=0 (mod te)

As in Proposition the contribution to the above sum when plte is < 2'~?(log z)?, which is
negligible and we will be considering

Np Np
E p(e) E H <t> log (t)
< (z+1+42y/x) p<z,piteNg
€= yt Np=0 (mod te)

From Proposition[8.6], we get

o= ¥ bt S () o ()

4142
_(yit\f) f
N, N,
uel 3 g‘((@))zﬂ(t>1og( )+O<$ A).
\tL < (@+142yT) +1+24/7) 2 p<z (Ing)
- ytey MNE

A crucial observation at this point is that the sums over ey, e2 and p in the main term are indepen-
dent of each other. The sum over p is trivially bounded by z log x and we bound the former sums
using Lemma [7.2]to get

Z ,u Z ez < 7(tL) exp(—cy/log ),

J
e _(et142yE) (e2)
e2s ytel
for some ¢ > 0. This completes the proof. O

From Propositions|8.5|and we have obtained the following estimate for S ;(y).

Lemma 8.8. Suppose that Conjecture EHp ; ,(z'~%) holds for some 0 > 1/2. Given A > 0, there exists
B = B(A) > 0 such that

N, .
So¢(a?(logx)?) = (~Cp + o(1)) Z L (t> +0 ((A> 7

o log x)
PINE

where C 4 is the constant defined in (2.8).



30 SAMPA DEY, ARNAB SAHA, JYOTHSNAA SIVARAMAN, AND AKSHAA VATWANI

9. PROOF OF THE THEOREM [2.2]

Let B = B(A) as in Lemma Choosing y = 2%(log )? for some fixed 1/2 < § < 1, we first
note that Lemmaholds with this choice of y as well, provided we assume EHp ;(y(log z)¢), for
some sufficiently large C.

Using (8.4), and Lemmas we obtain

YA (]\f”) = (Cpy+0(1)Li(z) + (~Cre+o(1)) > n (Atfp)
p<z v DN
szqj(vn?od t) Np=0 (mod t)
- CEvt<Li(w> - > (%) ) + o(Li(z)), 9.1)
p<z,p{Ng

under the conjectures EHp ;(2?(log z)¢), EHp ¢ (¢! ~?) and Conjecture @ for C sufficiently large.
Here Cg+ is as in (2.8). This shows that (2.2) and (2.3) are equivalent to each other.
From (9.1)), part b) of the result follows if we have

S s (?) ‘ < A Ti() + o(Li(x)). 92)

pgljvaNE

We prove this as follows.

NP
> () s X
p<z,p{Ng p<z,pINg
Ny is squarefree

= D S
p<z p<z,pINg
PINE Ny is divisible by a square

Take ¢ to be the smallest prime coprime to L. Then the right hand side above is
< (I+oW)Li(x)— > L
p<z,ptNg
Np=0 (mod ¢£2)

Using (3.9), we have for any A > 0,

1 . x
2 1=y i)+ 0a <€6 <logx>A) '

pgmvaE
Np=0 (mod ¢?)
Therefore,

Ny . 1 6 x .

£ < L 1— —— L .
‘ 2 M( ¢ ) ‘ - 1(95)( 5(52)) 0 (12 (logw)“‘) + olLi(z))

p<z,p{Ng

Np=0 (mod t)

Since Ag 1, = (1 - Wg)) , this completes the proof of part b) of the result.
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